We experimentally simulate the spin networks-a fundamental description of quantum spacetime at the Planck level. We achieve this by simulating quantum tetrahedra and their interactions. The tensor product of these quantum tetrahedra comprises spin networks. In this initial attempt to study quantum spacetime by quantum information processing, on a four-qubit nuclear magnetic resonance quantum simulator, we simulate the basic module-comprising five quantum tetrahedra-of the interactions of quantum spacetime. By measuring the geometric properties on the corresponding quantum tetrahedra and simulate their interactions, our experiment serves as the basic module that represents the Feynman diagram vertex in the spin-network formulation of quantum spacetime.
A quantum theory of gravity is one of the most fundamental questions of modern physics. Quantum gravity (QG) aims at incorporating the Einstein gravity with the principles of quantum mechanics, such that our understanding of gravity can be extended to the ultimate fundamental regime-the Planck scale 1.22 × 10 19 GeV [1] [2] [3] [4] [5] . At the Planck level, the Einstein gravity and hence the continuum spacetime break down, and what replaces these classical concepts is a quantum spacetime. Current approaches to quantum spacetime include string theory [6] , loop quantum gravity (LQG) [7] , twistor theory [8] , group field theory [9] , dynamical triangulation [10] , and Asymptotic safety [11] , etc. These approaches relate to a common framework of describing quantum spacetime, namely spin-networks, which is an important, non-perturbative tool of studying quantum spacetime.
A spin-network is a graph whose (oriented) links and nodes are colored by half-integer spin labels (FIG.1(d) ). Spinnetworks are invented by Penrose, motivated by the twistor theory [12] , then later on have been widely applied in LQG as the natural basis states in the Hilbert space of LQG [13] [14] [15] [16] [17] [18] [19] . Spin-networks also set up a framework for group field theories, which relate to dynamical triangulation and asymptotic safety. Some recent results exhibit the interesting relation between spin-networks and tensor networks in the anti de-Sitter/conformal field theory (AdS/CFT) correspondence originated from string theory [20] [21] [22] . Spin-networks have also been applied to gauge theories [23] [24] [25] [26] and related to topological orders in condense matter theories [27] [28] [29] . There are extensive applications of spin-networks to topological invariants of manifolds of 3 and 4 dimensions, e.g., [30] [31] [32] [33] .
We focus on (3 + 1)-dimensional quantum spacetime, in which case spin-networks are the quantum states of 3d Riemann geometries of the space (at the Planck scale), as the boundary data of quantum spacetime. As a profound prediction made by LQG, geometrical quantities, e.g. lengths, areas, and volumes, are quantized as operators on the Hilbert space of spin-network states, and have discrete eigenvalues [34] [35] [36] [37] [38] [39] . Quantum geometries at the Planck scale are fundamentally discrete, represented by spin-networks consisting of a number of 4-valent (n-valent) nodes. To be seen shortly, in a spin-network state, each 4-valent node carries an invariant tensor of S U(2), which depicts a quantum tetrahedron geometry (FIG.1(e) ) [40] [41] [42] [43] [44] [45] . The S U(2) invariance and the geometrical interpretation are consequences from the local Lorentz invariance in general relativity.
A quantum spacetime is a "network" in 3 + 1 dimensions, consisting of a number of 2-dimensional world-sheets (surfaces) and their intersections, and the world-sheets are colored by half-interger spins. By the same token as the time evolution of a space builds up a classical spacetime, the time evolution of a spin-network forms a quantum spacetime [46, 47] . An example of a static quantum spacetime, where the spin-network does not evolve, is shown in FIG.1(a) . In a quantum spacetime, each 1−d spin-network link evolves to a (1 + 1)-d world sheet; hence the half-integer spin on the spin-network link can extend to the world-sheet. Dynamical quantum spacetimes (FIG.1(b) ) are made by adding world-sheets (colored by spins) and their intersections, which creates a number of vertices. Vertices represent the local dynamics (interactions) of quantum geometry. Each vertex leads to a transition that changes the spin-network (FIG.1(c) ). Quantum spacetimes made by intersecting world-sheets colored by half-integers are also called a spinfoam. Similar to Feynman diagrams, quantum spacetimes associate transition amplitudes between ini- Intersections between the world-sheets and S 3 give a spin-network (in blue, color online). The geometry is made by gluing 5 (e) quantum geometrical tetrahedra. Each node of the spin-network associates with a quantum tetrahedron. Each face of a tetrahedron is dual to a link. Connecting 2 nodes by a link in the spin-network corresponds to gluing 2 tetrahedra through the face dual to the link. tial and final spin-networks, called spinfoam amplitudes [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [77] . A spinfoam amplitude of a quantum spacetime is determined by the vertex amplitudes locally associated to the intersection vertices in the quantum spacetime (FIG.1(d) and (e)). Quantum spacetimes and spinfoam amplitudes are a consistent and promising approach to QG [58] [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] .
In this work, we demonstrate quantum geometries of space and spacetime on a quantum simulator that simulates spinnetworks and the building blocks of spinfoam amplitudes in 4 dimensions. Using 4-qubit quantum registers in the nuclear magnetic resonance (NMR) system, we create quantum tetrahedra and subsequently measure their quantum geometrical properties. Using the quantum tetrahedra in NMR, we simulate vertex amplitudes, which display the local dynamics of the corresponding quantum spacetime. As quantum tetrahedra and vertex amplitudes serve as building blocks of large quantum spacetimes, our experiment opens up a new and practical way of studying quantum spacetimes and QG at large.
Quantum tetrahedron: Given a spin-network defined on an oriented graph Γ. Each link l is oriented and carries a halfinteger j l -an irreducible representation of S U(2)-that labels the (2 j l + 1)-dimensional Hilbert space H j l on the link labeled by j l . Each n-valent vertex carries an invariant tensor |i n in the tensor representation ⊗ l H j l , i.e. |i n ∈ Inv SU (2) [⊗ l H j l ], where l labels the links incident (assumed all outgoing) at the vertex. On an ingoing link l, H j l is replaced by the dual H * j l . A spin-network state is written as a triple |Γ, j l , i n , defined by a tensor product of the invariant tensors at all nodes
where spin labels of |i n are implicit. The S U(2) invariance of |i n (the quantum constraint Eq. (2)) is the gauge symmetry in QG, as the remanent from restricting the local Lorentz symmetry in a spatial slice [7, 17, 18] . All spin-networks with arbitrary Γ, j l , i n define an orthonormal basis in the Hilbert space of LQG. Spin-network states Eq. (1) are built by the tensor product of |i n at all nodes. Thus, simulating a spin-network with m nodes, ⊗ m n=1 |i n , only amounts to producing m invariant tensors |i 1 , · · · , |i m in the experiment. It then suffices to simulate |i n .
The rank N of |i n coincides with the valence of the node n. In this letter, we mainly focus on N = 4, which is of the most importance [78] . The S U(2) invariance of a rank-4 |i n implies
Here,
z ) are the angular momentum operators on the Hilbert space H j k carried by the k-th link of the four links meeting at the vertex. These operators sat-
where × is the vector product, and (2) leads to a geometrical interpretation of invariant tensors and spin-networks.
On the other hand, the classical geometry of a tetrahedron in a 3d Euclidean space gives 4 oriented areas
| is the area of the k-th face, and
| is the unit vector normal to the face. The four faces of a tetrahedron form a closed surface, namely,
Conversely, the data E (k=1,··· ,4) subject to constraint (3) uniquely determine the (Euclidean) tetrahedron geometry [71] . Euclidean tetrahedra are the fundamental building blocks of arbitrary curved 3d geometries, since any geometry can be triangulated and approximated by a large number of Euclidean tetrahedra.
Comparing Eqs. (2) and (3) suggests the quantization of tetrahedron geometries. That is,Ĵ (k) is the quantum version of E (k) , so is Eq. (3) to Eq. (2). Precisely, we havê where a, b, c = x, y, x, ε abc is the Levi-Civita symbol, G N is the Newton's constant, and P is the Planck length. More detailed physical account for this quantization is left to Appendix A.
Quantum gravity identifies quantum-tetrahedron geometries with a system of quantum angular momentums subject to Eq. (2). This identification enables us to simulate quantum geometries with qubits. We focus on the situation with all spins j k = 1/2 (H j=1/2 C 2 ) and simulate the quantum tetrahedra with 4-qubit tensor states in H An atom of quantum spacetimes associates with a vertex amplitude, which is an evaluation of the spin-network ⊗ 5 n=1 |i n . The evaluation maps a spin-network to a number, or more precisely a function of 5 invariant tensors. Let's consider 5 quantum tetrahedra made by 4-qubit invariant tensors |i n (n = 1, · · · , 5), each of which associates with a node in the spin-network (blue in FIG.1(d) ). Each Hilbert space H j=1/2 for tensors |i n ∈ Inv SU (2) [H ⊗4 j=1/2 ] associates with a link in the spin-network. We consider the following evaluation of ⊗ 
The inner product above takes place at the end points of each l, between a qubit in | l and the other in |i n . The resultant
is the vertex amplitude of the quantum spacetime at the Planck level in Ooguri's model [48] , where the spins on the world-sheets are all 1/2. Ooguri's model defines a topological invariant of 4-manifolds. Vertex amplitudes in Ooguri's model relate to the classical action of gravity when the spins are large [61] . The spin-network ⊗ (4), the quantum area of the k-th face is diagonalized [34, 35] as
The expectation value of an area operator in an invariant tensor |i is i| Ar k |i = 8π 2 P √ 3/4. In addition, dihedral angles θ km between the k-th and m-th faces are quantized accordingly [43] as
Because of Eq. (2), there are only two independent expectation values of cos θ km , say, i| cos θ 12 |i and i| cos θ 13 |i . In an |i , the expectation values of the four areas and two dihedralangle operators uniquely determine a geometrical tetrahedron. (See details in Appendix C.) Since Inv SU (2) [H ⊗4 j=1/2 ] is 2-dimensional, it can be presented as a Bloch sphere. Any point (θ, φ) on the Bloch sphere uniquely reconstructs a quantum tetrahedron geometry as shown in FIG. 2 All experiments were carried out on a 700MHz DRX Bruker spectrometer, at the temperature of 298K. The Crotonic Acid molecule, whose details can be found in Appendix E, works as our four-qubit quantum system. To prepare the fundamental building blocks-quantum tetrahedra and simulate the local dynamics of quantum spacetimes, we divide the whole experiment into three parts as follows.
States Preparation-The NMR experiment always begin with the thermal equilibrium state. First, we initialized the whole system to a pseudo-pure state (PPS) with the fidelity over 99%. More details about PPS are put into Appendix E. Then, the system were driven into each of the states representing the target tetrahedra, as shown in Fig. 2 , respectively. In this step, we denote the experimentally prepared state as ρ tetra i , where i = A0, A1...E0, E1. There are ten pulses bridging the PPS and the ten quantum tetrahedra. Those pulses were realized by the gradient ascent pulse engineering (GRAPE) optimizations, with the length of 20ms.
Measure Geometry-Generally speaking, a tetrahedron can be uniquely determined by six independent constrictions. Since the identity part generates no signal in our NMR system, the area operators defined in Eq. (6) are unmeasurable. In the experiment, we stress on dihedral angles cos θ km defined in Eq. )(i = A 0 , A 1 ...E 0 , E 1 ) can be easily measured by adding an observable pulse after the state preparation, which function as single-qubit rotation and was optimized with a 1ms GRAPE pulse.
We present the measured geometry properties via a 3-dimensional histogram (Fig. 3) , whose vertical axis represents the cosine value of the dihedral angles between the bottom face and the others. In the figure, the transparent columns represent the theoretical values, while the coloured ones represent the experimental results. The maximum difference between experiment and the theory is within 0.08. From the figure, It can be said that our experimental prepared states matches the building blocks-quantum tetrahedra successfully.
Since those geometrical operators do not commute, they have quantum fluctuations.
There are three independent quadratic fluctuations of dihedral angles ∆ km := cos θ km − i| cos θ km |i 2 , say, (k, m) = (1, 2), (1, 3) , (1, 4) . In this paper we shall add these three ∆ km to be the total quantum fluctuation of the quantum tetrahedron (see Appendix D)
The experimentally prepared states are all in the minimal fluc- Table. II of Appendix E. Those quantum fluctuations are large because quantum tetrahedra are simulated by qubits with j = 1/2. These tetrahedra are of Planck size (Ar ∼ 2 P ) and typically appear in quantum spacetime near the big bang or a black hole singularity [72] . Invariant tensors with spins j 1 exhibit tetrahedron geometries with small quantum fluctuations [43, 55] .
Simulate the Amplitudes-As the vertex amplitude stated in Eq. (5) can describe the the local dynamics of QG in the 4d quantum spacetime, to obtain such amplitudes, we need to calculate the inner products between different quantum tetrahedron states. We do not implement the real dynamics of the spin-foam consisting of five tetrahedra, which would need a 20-qubit quantum register. Alternatively, a full tomography follows our state preparation to obtain the information of quantum tetrahedron states. The fidelities between the experimentally prepared quantum tetrahedron states and the theoretical ones were also calculated. They are all above 95% and the details can be seen in Appendix E.
To present the consequences more intuitively, the |i n (n = 1...4) in Eq. (5) are fixed as regular quantum tetrahedra, while the spherical coordinates θ and φ of |i 5 varied smoothly. Fig.  4(a) and 4(b) show the simulation results, with the value of the amplitude and phase, respectively. Mixed states are inevitably introduced to the experiment since inevitably experimental error. To calculate the inner products in the vertex amplitude formula in Eq. (5), we purified the measured density matrices, using the method of maximal likelihood. The comparison between the experiment and the numeric simulation are listed in Table. I. Conclusion-Our experiment is the initial endeavour to simulate quantum tetrahedra-the building blocks of spinnetworks and hence of quantum spacetimes at the Planck level. By creating ten different quantum tetrahedra on our NMR quantum simulator, we measure their dihedral-angles and simulate the vertex amplitudes. As the first step towards exploring spin-networks using a quantum simulator, our work provides valid experimental demonstrations about studying quantum spacetimes to date. The relation is indeed precise by the quantization of gravity with Ashtekar's new variables [74, 75] . Einstein gravity identifies gravity with Riemannian geometry; hence, dynamical variables of gravity relates to geometrical variables such as E (k) . The Poisson bracket of gravity variables endows the following Poisson bracket to E (k) [7, 76] 
The quantization promotes E (k) to operatorsÊ (k) . Interestingly [ , ] = i { , } gives precisely the commutation relation of the angular momentum operatorsĴ (k) 's in quantum mechanics (the identification Eq. (4)). EachĴ (k) acts on the irreducible representation H j k of S U(2) labelled by a spin j k ∈ Z/2. The Hilbert space of a quantum tetrahedron is the space of rank-4 invariant tensors Inv SU (2) [⊗ When considering a system with more than one subsystem, in which angular momentum is a good quantum number for both the individual subsystems and the whole system, we can represent system in different basis. For instance, a system with two particles, we have two different representations
where m i ∈ {− j i , − j i + 1, · · · , j i }, and
J 1 2 and M 1 2 together describe the angular momentum of the whole space. These two representations are related by a unitary transformation
are the Clebsch-Gordan coefficients, which can all be chosen to be real numbers.
When we consider a system with four particles, whose spins are j 1 , j 2 , j 3 and j 4 respectively, we can couple the particles 1 and 2 to get an intermediate angular momentum, say J 1 2 . At the same time, we couple the particles 3 and 4 to get J 3 4 . Finally, we choose possible values of among all J 1 2 and J 3 4 to get the total angular momentum J.
w w J Although the initial spins j 1 , j 2 , j 3 and j 4 as well as the final J are fixed, the intermediate angular momenta can be arbitrary, as long as the triangle condition holds in each step.
When j 1 = j 2 = j 3 = j 4 = 1 2 and the final J = 0 (i.e. the 4-qubit invariant tensor situation), the triangular condition requires J 1 2 = J 3 4 to meet J = 0, but J 1 2 can be either 0 or 1. Obviously, the dimension of the invariant subspace is 2. A general invariant 4-qubit tensor reads
where
are the logical-bit representation of this subspace. As usual, θ and φ uniquely determine a state on the Bloch sphere.
weak coupling approximation is
where ν j is the chemical shift of the jth spin and J jk is the spinspin interaction(J-coupling) strength between spins j and k. 13 C nuclei are denoted as the four qubits and the table on the left presents the parameters constructing the internal Hamiltonian. Chemical shifts (Hz), J-coupling strengths (Hz) and and the relaxation times( T 1 and T 2 ) are listed in the diagonal part, off-diagonal elements and the bottom, respectively. All parameters were measured on a Bruker DRX 700 MHz spectrometer at room temperature.
Pseudo-pure state-The four-qubit NMR system begins with the thermal equilibrium state ρ eq :
where ≈ 10 −5 describes the polarization when setting gyromagnetic ratio of 13 C to 1, and I is a 16 × 16 identity matrix. To create the pseudo-pure state
we used the spatial average technique shown in Fig. 6 , which includes four z-gradient fields. In between any two gradient fields, the free evolution was implemented by inserting π pulses and all local operations were realized by 1ms GRAPE pulses. Consequently, the fidelity of the experimentally prepared PPS is above 99%. As the identity part does not influence the unitary operations or measurements in NMR experiments, the original density matrix of ρ 0000 can be replaced by the deviated one for simplicity. The state ρ 0000 = |0000 0000| is taken as the referential state in our following experiments.
Experimental prepared states-In the experiment, we prepared 10 quantum tetrahedron states, which are labeled by ten orange balls on the Bloch sphere in Fig. 2 . Their spherical coordinates and the fluctuation defined in Eq. (8) are listed in Table. II.
To measure the vertex amplitude, we do the full state tomography on our 10 prepared states.
We calculated 17 2ms-GRAPE observe pulses to cover all fourqubit Pauli terms.
After that, we calculated the 4-qubit fidelities between all prepared states ρ exp and the II: Parameters and Geometry fluctuation for the experimental prepared quantum tetrahedron states. The first two rows represent the spherical coordinates where A i ∼ E i (i = 0, 1) and θ ,φ are the labels depicted in Fig.2 . Last two rows shows the experimental and theoretical value of the fluctuations of dihedral angles in quantum tetrahedron . 
